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Abstract. The nonlinear beam with vertical combined excitations is
proposed as an energy harvester. The nonlinearities are included both,
in the beam model and also in the electrical subsystem. The system is
modelled as a cantilever beam with included a tip mass and piezoelec-
tric patches which convert the bending strains induced by both, the
harmonic and the additive stochastic forces. The excitation aﬀects in
vertical directions by kinematic forcing into electrical charge. The ﬁrst
main goal is to analyse the dynamics of the electro-mechanical beam
system and the inﬂuence of the mixed excitation forces into an eﬀec-
tiveness of the energy harvesting. Overcoming the potential barrier by
the beam system is also analysed, where large output amplitudes oc-
cur. Such region of the vibration aﬀects more power generation, which
is crucial in terms of load resistors sensitivities. By increasing the ad-
ditive noise level with ﬁxed harmonic force it is observed the transition
from single well oscillations to inter-well stochastic jumps. The second
mail goal is analysing the inﬂuence of the piezoelectric nonlinear char-
acteristic and compare the results to the linear piezoelectric cases. The
output power is measured during diﬀerent system behaviours provided
by diﬀerent piezoelectric characteristic as well as introduced stochastic
components by modulated tip mass of the system.
1 Introduction
Nowadays self-powered devices are more and more common. The applications of small
actuators and sensors work in small networks and stimulate new research ideas on
ambient energy harvesting [2–5]. The solutions of frequency broadband nonlinear
vibration have been developed in competition with photo-voltaic and thermal gradi-
ent approaches [7,8]. The eﬀectiveness of frequency broadband devices is continuously
growing [6]. In case of stable narrow band excitations, the approach is to introduce
the mechanical system to resonate. Unfortunately it performs a weakness in tran-
sient and changeable conditions of ambient excitation [2,5]. Availabilities of energy
harvesting at small levels, apart from resonance area is usually insuﬃcient and requires
a tuning process. Thus the expecting devices are broadband harvesters with nonlin-
ear characteristics which are suﬃcient resistant to a speciﬁc amplitude or frequency
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Fig. 1. The model of inverted beam harvester. The plane position of tip mass mt is given
by v and u coordinates. The excitation in vertical direction has been provided by function
χ(t). The vector g represents the gravitational acceleration.
excitation [7,8]. Thus a nonlinear mechanical resonators with a double well potentials
looks to be promising [10–12]. In the paper of Friswell et al. [13] there is presented a
piezoelastic system consisting of a cantilever beam with a tip mass. The mechanical
system was mounted vertically and harmonically exciting in the horizontal direction
at its base. In the experiment the two behaviours obtained. For a modiﬁed weight
of the tip mass one can introduce a vertical position destabilization of the beam by
buckling. The three diﬀerent tip masses was simulated and also validated in exper-
iment of the deterministic model. The results revealed cases of a linear system, a
low natural frequency as well as both a non-buckled and a buckled beam. One can
proved that the most practical conﬁguration is a pre buckled case, where the system
reaches a low natural frequency, and also a high level of harvested power. In the next
paper [14], both the eﬀects of random and the combined harmonic and stochastic
excitation components in the same conﬁguration of the system were studied. Similar
approaches of piezoelastic devices have been also discussed in [15–22]. The aforemen-
tioned model [13,14] is followed in the paper [1], where the analysis of this system is
completed by simulating cases of harmonic and combined harmonic-stochastic excita-
tions in vertical direction. In the present paper, results provided in [1] are recalculated
for the sake of output averaged power and compared with diﬀerent approach of piezo-
electric subsystem modelling. The system considered in this paper includes also the
bending eﬀect due to the gravity force, in contrast to the magnetic systems discussed
in previous papers [12,17–21].
2 The system modelling by equation of motion
The model of the beam is presented in Fig. 1. An additional point mass mt had
been included and the system has undergone a ﬂexible body deﬂection due to base
excitation deﬁned by function χ(t). The system was exciting in vertically direction
and function χ(t) had harmonically form with included noise component. A speciﬁed
element of the beam mass dm at x position was moving in a vertical (χ − ux) and
in a horizontal (vx) directions. A rotation ψ of the tip beam point (mt) has been
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also considered in the calculations. The rotation of the beam mass element ψx was
neglected because of the beams ratio dimensions. Due to the thickness of the beam
was small compared with the length, the eﬀect of shear deformation and rotary inertia
of the beam were no signiﬁcant.
The Eq. of motion has been derived from Largange method. The energies of the






































The potential energy consists of the elastic beam part and the gravity term of both,








Using Pythagorean trigonometric identity in Eqs (3), one can get:
u′x(x, t) = 1−
√












The beam slope has been derived from the second of Eq. (3) as:
φx(x, t) = arcsin v
′







Diﬀerentiating the Eq. (5) gave the curvature:












For the analysed the single degree of freedom model, the deﬂection of the beam was
assumed as:
vx(x, t) = vx(L, t)ψ(x) = v(t)ψ(x) (7)
where ψ(x) represents a single shape mode displacement [23]:





Substituting Eq. (7) into Eq. (6) the curvature reads:
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where the prime denotes diﬀerentiation with respect to x.
Introducing the displacement function ψ(x) expressed by Eq. (8) and denoting
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= 0, where L = T −Π is the Lagrangian
and neglecting in the calculations the third and higher order terms, the Eq. of motion
reads as follow:
[


































v = 0 (15)
where χ¨ determines the acceleration of the beam base according to the type of noise.
It has two following forms, by included a parametric noise, then χ¨ = χ¨1 (Eq. (16))
and an additive noise, then χ¨ = χ¨2 (Eq. (17)), respectively:
χ¨1 = Ae(2πfe)
2 cos(2πfet+ Γ(t)) (16)
χ¨2 = Ae(2πfe)
2 cos(2πfet) + Γ(t) (17)
where parameters fe and Ae are excitation frequency and amplitude, respectively and
Γ(t) denotes stochastic force with standard deviation σF .
Presented in Fig. 1 model was mounted on the base in position which created
conditions for diﬀerent behaviours while system vibrated. The expected behaviours
depend on three equilibrium positions of the beam. The ﬁrst one beam reached at
non-buckled state. It occurs by introduced zero values of acceleration and velocity in
Eq. (15). Then one can get one trivial solution v = 0. The others two equilibrium






If Eq. (18) is satisﬁed, the non zero stable equilibrium solutions are
v0 = ±
√
g(mtN4 + ρAN2)− IEN6
2EIN7
· (19)
The natural frequency of the beam fn changes due to the set of the beam equilibrium
position. For solution v = 0, the linearised Eq. of motion for free response about the
equilibrium point reads:
[










v = 0 (20)





EIN6 − g(mtN4 + ρAN2)
mt + ρAN1 + I0N25
· (21)
When the beam takes a buckled position (v = v0b), the linearised Eq. of motion for
free response becomes:
[














0bη = 0 (22)
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Table 1. Physical and geometric properties of the bimorph cantilever beam.
Symbol and value Description
L = 0.3m length of the beam
mt = 0.02 kg the tip mass
mb = 0.0096 kg the beam mass
ρ = 7850 kg/m3 density of the beam mass
A = 4.064mm2 area of transverse beam
E = 210GPa Young modulus
I = 2.18× 10−14m4 geometrical moment of inertia
I0 = 0.0018 kgm
2 the inertia moment of beam mb with tip mass mt
Cp = 38.9 nF capacitance of the piezoelectric patches
R = 50 kΩ load resistance
Lp = 28mm active length of piezoelectric layers
bb = 16mm beam width
hb = 0.254mm beam thickness
hp = 300μm piezoelectric layers thickness
e31 = 0.1105C/m
2 piezoelectric constant
D1 = 48.08× 10−6N/V electromechanical coupling constant
D2 = 0.07× 10−6N/V electromechanical coupling constant
a) b) tip mass mt [g]







































Fig. 2. The pitchfork bifurcation diagram of equilibrium positions vequ (a) and the natural
frequencies fn against tip mass mt depended on beam thickness hb.
where v = v0b + η, and for both the left and the right buckled equilibrium positions





mt + ρAN1 + I0N25 +
(






The signiﬁcant inﬂuence on the natural frequencies as well the equilibrium positions
has the tip mass mt. For the adopted parameters of the beam, listed in the Table 1,
the behaviour changed from single solution via bifurcation point the new solutions
appeared. It is observed at tip mass mt ≈ 10g (or mt ≈ 20g when the beam thickness
is 22% larger). Figure 2a presents the points, where system was undergoing from
equilibrium position in v0 = 0 into buckled equilibrium states v0b = 0. The natural
frequencies of the system one can observe in Fig. 2b for non-buckled (red lines) and
buckled beam positions (blue lines). The interesting both points at fn ≈ 0 for diﬀerent
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hb dimension, coincides with the bifurcation of the equilibrium positions. In further
analysis the hb dimension was ﬁxed to get the bifurcation point at tip mass mt ≈ 10g.
The coupled piezoelectric model leans on the derivation of the electro mechanical
model provided by authors [13]. The electrical Eq. is combined with the mechanical
Eq. of motion 15 and reads:
[







































2)v˙ = 0 (24)
where R is the load resistance, Cp is the capacitance of the piezoelectric patches and
U is the voltage across the load resistor connected to the piezoelectric patches. The
beam is equipped with piezoelectric patches and connected in parallel. For coupling
the mechanical and the electrical subsystems, the electromechanical constants D1 and
D2 have been introduced, in case of linear coupling written as:
D1 = e31bp(hp + hb)
∫ Lp
0
ψ′′(x)dx = e31bp(hp + hb)ψ′(Lp) (25)










Dimensions hp and hb denote the piezoelectric and beam thickness, respectively, bp is
the piezoelectric layer width, Lp denotes an active length of piezoelectric layer, and
e31 is the piezoelectric constant. The piezoelectric patches produce the charge given
by D1v +D2v
3.
Finally, using the approximation for curvature κ(x, t) in Eq. (6), and the displace-





















where t2 − t1 = Δt is a number of each simulation time periods T .
3 The numerical simulation results
The simulations of the system presented in Fig. 1, based on Eq. (24) and system
parameters (Table 1) have been performed using Matlab environments. The random
force, included in the excitation functions (Eq. (16)) and (Eq. (17)) has been modelled
by means of Runge Kutta Murayama algorithm and used white noise of Gaussian





Fig. 3. The averaged power Pave of the system against excitation amplitude Ae and fre-
quency fe at no noise component included in the excitation σF = 0 for tip massesmt = 10.5 g
(a) and mt = 20 g (b), respectively.
distribution. The simulation time was assumed as 700 and 400 times of period
T = f−1e , in cases of D2 = 0 and D2 = 0, respectively. While the time step was
dt = 0.01T . The shorter time simulation in case of D2 = 0 was adopted due to escape
phenomenon. The initial time intervals of each simulation were neglected as transient
time and it was adopted 75% of whole time simulation. The initial conditions in sim-
ulations were [v0 = ve, v˙0 = 0, U0 = 0], where ve denotes the equilibrium position and






2mt/meb − 2 . (29)
In the simulation process for the consecutive loops, the continue method to the initial
condition was applied, to reﬂect the real position of the tip mass. The main results
of this work contents of two cases simulations, by assuming linear coupled electrical
subsystem to the mechanical one, and nonlinear by introducing the second constant
D2 as reported in Eq. (24). The linear model case is presented in Figs. 3, 6 and 9
and the nonlinear case is reported in Figs. 11, 12 and 13. These ﬁgures represent the
maps of averaged power Pave against the two input parameters, excitation amplitude
Ae and excitation frequency fe. The results present the inﬂuence of the diﬀerent
form of excitation forces for the sake of the tip mass mt weight. For review the
system behaviours, two tip masses have been adopted for simulation. The ﬁrst value
mt ≈ 10 g to received the jumps between potential wells and the second mt = 20 g to
got the buckled position.
Figure 3a and 3b present the behaviour of the system subjected to harmonic
excitation and no noise disturbance. It is easy to notice, the averaged power Pave
output reached the higher values in case of implemented tip mass (Fig. 3a), where
the beam vibrated around the bifurcation point, between zero and buckled equilibrium
positions. In Fig. 4 was shown the behaviour of the system at tip mass mt ≈ 10 g,
excitation amplitude Ae = 0.07m and excitation frequency fe = 0.61Hz. Such input
parameters reﬂected the peak of power Pave visible in Fig. 3a. The time series and
phase portrait revealed the beam rocking around the double potential wells. Fig. 4c
conﬁrm the movement of the tip mass between the potential wells by increasing
jumps number in whole time simulation. Such behaviour caused the high stress of
the piezoelectric patches and ﬁnally raised eﬃciency of energy harvesting. In case of
the larger tip mass at mt = 20 g, the jumps between potential wells did not occur. It
led to single well dynamics. In Figs. 5a–c one can see the motion, which took place
on the right side buckled position by Ae = 0.05m and fe = 0.35Hz. The time series
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a) time [s]



















































Fig. 4. The time series of displacement (a), phase portrait of the system with tip mass
mt = 10.5 g (b) and number of jumps between the potential well (c) against simulation time
at no noise component included in the excitation.
present the beam motion like a rumble eﬀect in a single potential well. In the next
Figs. 6a and 6b, the inﬂuence of noise component is considered. The tip mass was
adopted mt = 20 g to kept motion in a single potential well, and the system was
excited harmonically according to functions in Eq. (16) and Eq. (17), where the two
ways of disturbance were included. Following the results, presented in Fig. 6, the
inﬂuence of noise at level σF = 0.1 is more visible in case of an additive form in
excitation formula than the noise added as a argument of cosine function. In case
of the excitation according to Eq. (16), the output averaged power Pave created a
smooth map. Here one can expect a constant level of output power. The disturbance
of input noise signal has negligible eﬀect, comparing to the result presented in Fig. 3b.
The time series and phase portrait presented in Figs. 7a and 7b plotted at parameters
Ae = 0.01m, and fe = 1.4Hz show, there were also no jumps between potential wells,
and the system behaved similar to the case of harmonic excitation with no noise
(Fig. 5). The second way of the system excitation according to Eq. (17) appeared
a diﬀerent solution. Introducing the noise to the excitation as a separate signal, it
provided more visible peaks on the averaged power Pave map (Fig. 6b). Moreover, the
trajectory of the tip mass moved at the beginning in a single well (Fig. 8c), ﬁnally there
was observed the intermittent displacement which followed to the motion with jumps
between potential wells what is shown in Figs. 8. The chosen parameters used in Fig. 8
are Ae = 0.01m, and fe = 1.4Hz. Analysing the inﬂuence of an additive excitation
noise, one can conclude, it provides conditions for raise the eﬃciency level of energy
harvesting.
Finally, in Figs. 9a and 9b the results of the implemented higher noise level σF =
0.5 in the excitation formula were presented. The system excited with increased noise
component eﬀected an appearance of extremely peaks of averaged power Pave. In this
2780 The European Physical Journal Special Topics
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Fig. 5. The time series of displacement (a), phase portrait of the system with tip mass
mt = 20 g (b) and number of jumps between the potential well (c) against simulation time





Fig. 6. The averaged power Pave of the system against excitation amplitude Ae and fre-
quency fe for tip mass mt = 20 g at noise component σF = 0.1 included in the excitation
according to Eq. (16) (a), and according to Eq. (17) (b), respectively.
case, the excitation amplitudes had no signiﬁcant inﬂuence on the solutions, but the
excitation frequency had.
During simulation, the increased input frequency caused maxima of Pave visible
both in Figs. 9a and 9b. The beam vibrated over double wells, what was conﬁrmed
in Fig. 10 at parameters Ae = 0.01m and fe = 0.5Hz. Moreover, either increased
the noise level σF or used disturbances as an additive case of noise only, the veriﬁ-
cation in chosen points on maps, revealed escapes from the potential wells. The time
series of displacement went beyond the beam length relative to the support point
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Fig. 7. The time series of displacement (a) and phase portrait of the system with tip mass
mt = 20 g (b) at noise component σF = 0.1 included to the cosine function in the excitation
according to Eq. (16).
a) time [s]






















































Fig. 8. The time series of displacement (a), phase portrait of the system with tip mass
mt = 20 g (b) and number of jumps between the potential well (c) against simulation time
at noise component σF = 0.1 included as an additive excitation according to Eq. (17).
(see Fig. 8). That phenomenon appeared mainly due to high level of noise adopted to
the excitation. On the other hand such behaviour creates well conditions for energy
harvesting because the system works away from resonance region.
The next simulations, presented in Figs. 11, 12 and 13 revealed the nonlinear
modelling of piezoelectric subsystem by means of the electromechanical constants
D2 = 0. Figures 11 report a gradually increasing Pave in both cases of tip masses, while
the same simulation but in liniar moddeling of piezoelectric (Fig. 3), the power had
rather constant value. Figures 12a and b represent the output power, also gradually
increasing Pave during frequency excitation was growing, while atD2 = 0 increasing of
the Pave occurred faster (see Fig. 6). There was also noticed more peaks in case of the





Fig. 9. The averaged power Pave of the system against excitation amplitude Ae and fre-
quency fe for tip mass mt = 10.5 g at noise component σF = 0.5 included in the excitation
according to Eq. (16) (a), and according to Eq. (17) (b), respectively.
a) time [s]



















































Fig. 10. The time series of displacement (a), phase portrait of the system with tip mass
mt = 10.5 g (b) and number of jumps between the potential well (c) against simulation time
at noise component σF = 0.5 included to the cosine function in the excitation according to
Eq. (16).
harmonic excitation, disturbed by additive noise component (Fig. 12b). It could be
due to a greater system sensitivity to the modelling approach including both coupling
constants, D1 and D2. Unfortunately, there are no signiﬁcant diﬀerences between
maps presented in Fig. 9 against the maps in Fig. 13 where the linear and nonlinear
piezoelectric modelling cases have been reported, respectively. But it is easy to notice,
that in case of system worked at bifurcation point, the energy harvesting eﬃciency





Fig. 11. The averaged power Pave of the system against excitation amplitude Ae and
frequency fe at no noise component included in the excitation σF = 0 for tip masses mt =





Fig. 12. The averaged power Pave of the system against excitation amplitude Ae and
frequency fe for tip mass mt = 20 g at noise component σF = 0.1 included in the excitation





Fig. 13. The averaged power Pave of the system against excitation amplitude Ae and
frequency fe for tip massmt = 10.5 g at noise component σF = 0.1 included in the excitation
according to Eq. (16) (a), and according to Eq. (17) at σF = 0.5 (b), respectively.
came in the similar higher level for both, linear and nonlinear model, comparing to
other maps as in Fig. 12a and b. The last Figs. 14a–d present comparison the output
power level from both, linear and nonlinear piezoelectric model. It clearly shows, the
averaged power got a higher values when coupling constant D2 = 0 (Fig. 14c) in
relation to the linear case D2 = 0 (Fig. 14a). Such behaviour was especially observed
while the system vibrated around the bifurcation point (mt ≈ 10 g), and also around









Fig. 14. The averaged power Pave of the system against the frequency fe at no noise
component σF = 0 for tip mass mt = 10.5 g (a) and (c) and for tip mass mt = 20 g (b) and
(d). Plots (a) and (c) correspond to the linear case of piezo, but plots (b) and (d) show the
nonlinear case of piezo, respectively.
buckled equilibrium position when mt = 20 g. Figures 14b and 14d correspond to the
buckled vibrations. In this case the power revealed less diﬀerences between linear and
nonlinear model. Comparing the power in Fig. 14a to the power in 14b as well as the
power in Fig. 14c to the plot in Fig. 14d, one can notice a signiﬁcant diﬀerence of the
output power level. This analysis concludes the energy harvesting eﬃciency increases
at bifurcation point sets of parameters.
4 The conclusions
The excitation combined eﬀect was examined in the harmonic and stochastic piezo-
electric system of energy harvesting for both, the linear and nonlinear modelling of
piezoelectric element. The eﬀect of the averaged power Pave increasing of particular
solutions were demonstrated and discussed. It appeared that the diﬀerent approach
of excitation way of the beam system has eﬀects on transition from single to double
wells vibrations. The excitation by harmonic function with additional stochastic com-
ponent aﬀected the eﬃciency of energy harvesting by increasing the output power,
while the noise signal included to the harmonic function had a weak inﬂuence on the
solution in compare with the no noisy harmonic excitation signal. On the other hand
introducing the linear and nonlinear cases of piezoelectric subsystem and compar-
ing results, the eﬃciency signiﬁcantly increased while the piezoelectric had nonlinear
characteristic. Analysing the energy harvesting eﬀect, one can notice the noise as an
additive component in harmonic excitation increases the system eﬃciency but simul-
taneously make the system intermittent by disadvantageous escaping from the poten-
tial wells. Especially when electric subsystem was nonlinear, the escaping occurred
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more frequently, and the numerical analysis lost the dynamics description. It requires
the experiments tests to observe the system behaviours in wide range of parameters
sets.
This work has been funded by the National Science Centre under the grant Agreement
No. DEC-2012/05/B/ST8/00080.
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